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Plan of the lecture

1) What are fluctuations ?

2) Fluctuations and Nonlinear dynamics

3) How fundamental are fluctuations ?




Experiment: physical system pendulum
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What are
Fluctuations ?

Standard definition:
Fluctuation: spontaneous deviation
of a quantity from its mean value.




Example: physical system pendulum

Focus on the pendulum angle




If we come back after a while..

where does this random movement come from?

Mass m= 1 Kg, Length 1=1 m, rms motion =2 10! m

1) Ground shaking Suspension isolation

2) Air molecule impact Vacuum enclosure

But the random movements, still persist... Why?




How to model such a behavior?

we put x = 1O

Motion equation for the angle variable in the
small oscillation approximation:

mg sin & )
| mlf = —mg0 + 0

mg

This is clearly a model that describe the whole phenomena:

1) Amplitude decay is missing
2) Zero amplitude fluctuation is missing




These dynamical systems can be better described in the framework of
nonequilibrium statistical mechanics.

Langevin equation approach ma = Fgyt

Deterministic force
dependingon x, t

Random force
dependingon t

Langevin’s approach

This last equation is more complicated that the previous one but is more realistic




Improved motion equation

mi%6 —@ mglo @= 0

mg sin &

mg

Important: {(t) Is a random force that represents the neglected N-1 d.o.f.

There must be a relation between the dissipative force and the fluctuation force

<¢(t) §(0) >=2KpT y (1)




Another nice example: the Brownian Motion

BRIEF ACCOUNT

MICROSCOPICAL OBSERVATIONS

Marian Smoluchowski Paul Langevin
(1879 - 1955) (1872 -1917) (1872 - 19406)




Fluctuations are the result of the interaction of
(invisible) degrees of freedom
with
(visible) degrees of freedom

Fluctuations as a bridge between equilibrium and nonequilibrium

<¢(t) (0) > =2 KgT y &(1)

To know more: L. Gammaitoni, The Physics of Computing, chap. IV, Springer 2024




We are now in position to explain the residual motion

If we come back after a while..

Mass m= 1 Kg, Length I = 1 m, rms motion =2 10-!' m

The pendulum mode is one of the
many dynamic modes of our system.
We isolate one macroscopic mode and

put all the other into the stochastic
force...




Stochastic Resonance
and
other strange phenomena
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Fluctuations

and
nonlinear
dynamics




In the realm of stochastic dynamics mx = - % + (1)

When: U=k the system is free (Brownian motion type)

U=kx the force is constant (random motion with drift)

1 - : : : :
U= = k x? the force is linear (harmonic motion, linearized pendulum)

What happens in all the other cases?




An interesting case: the phenomenon

mi =- = + Asin (wt) + &t

1 1 . .
When:  U=--a x? + 2 b x* bistable potential

i
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L. Gammaitoni et al. Stochastic Resonance, Rev. Mod. Phys, Vol 70, 223, 1998




Example: physical system pendulum

03

How
fundamentals

are
Fluctuations ?




If we come back after a while..

where does this random movement come from?

Mass m= 1 Kg, Length 1=1 m, rms motion =2 10! m

1) Ground shaking Suspension isolation

2) Air molecule impact Vacuum enclosure

3) Thermal motion Toward zero K temperature




Quantum fluctuations

Fluctuations arise due to the Heisenberg Uncertainty principle...

In the simple case of a free point particle p = mv

h
Ay =
and thus v A1 m Ax

The position uncertainty ~ Ax(t) = \/Ax(O)Z + Av? t2

and thus "

grows with time

Ax(8) = |Ax(0)2 + (

4T m Ax(O)) s




Thermal vs Quantum

arise from finite temperature and random particle motion, driving

phenomena like Brownian motion and electrical noise.

persist at zero temperature due to uncertainty principles, producing

effects such as vacuum fluctuations and zero-point motion.




Conclusions

Fluctuations, thermal or quantum, are fundamental features that connect microscopic randomness

to macroscopic order.

They provide diagnostic insight into material properties, govern critical phenomena, and even seed

cosmic structures.

: Understanding fluctuations is essential for accurate modeling across physics.

Thanks!

Do you have any questions?
Luca.gammaitoni@unipg.it | w.a. +39 335 523 4447
www.nipslab.org




